Abstract. Let (G, H) be (Ham(R 2n ), Ham(B 2n )) or (B ∞ , B n ). We conjecture that any semi-homogeneous subset-controlled quasimorphism on [G, G] can be extended to a homogeneous subset-controlled quasimorphism on G and also give a theorem supporting this conjecture by using a Bavard-type duality theorem on conjugation invariant norms.
Problems and results
To state our conjecture, we introduce the notion of subset-controlled quasimorphism (partial quasimorphism, pre-quasimorphism) which is a generalization of quasimorphism. Definition 1.1. Let G be a group and let H be a subset of G. We define the fragmentation norm q H with respect to H for an element f of G,
If there is no such decomposition of f as above, we put q H (f ) = ∞. H c-generates G if such decomposition as above exists for any f ∈ G. Definition 1.2. Let H, G be subgroups of a group G. A function μ : G → R is called an H-quasimorphism on G if there exists a positive number C such that for any elements f , g of G ,
|μ(fg) − μ(f ) − μ(g)| < C · min{q H (f ), q H (g)}.
μ is called homogeneous if μ(f n ) = nμ(f ) holds for any element f of G and any n ∈ Z. μ is called semi-homogeneous if μ(f n ) = nμ(f ) holds for any element f of G and any n ∈ Z ≥0 . Such generalization as above of quasimorphism appeared first in [EP06] . For a symplectic manifold (M, ω), let Ham(M ) denote the group of Hamiltonian diffeomorphisms with compact support and (R 2n , ω 0 ), (B 2n , ω 0 ) denote the 2n-dimensional Euclidean space, ball with the standard symplectic form, respectively. Let B n denote the n-braid group and B ∞ denote the infinite braid group n B n .
We pose the following conjecture. For a group G, let [G, G] denote the commutator subgroup (the subgroup generated by the set { [a, b] , we see that μ is not homogeneous. Let A be an annulus embedded to T 2 such that M, U ⊂ A. By restricting μ to Ham(A), we can construct a semi-homogeneous subset-controlled quasimorphism which is not homogeneous on Ham(A).
However, the author does not know whether there is a semi-homogeneous subsetcontrolled quasimorphism which is not homogeneous on Ham(B 2n ). Our main theorem is the following one which supports the above conjecture.
In Section 2, we prepare some notions and statements. We prove Theorem 1.4 when (G, H) = (B ∞ , B n ), (Ham(R 2n ), Ham(B 2n )) in Sections 3 and 4, respectively.
Preliminaries
Let G be a group and H a subgroup of G and p, q ∈ Z >0 ∪ {∞}. We define the
We 
Proof on braid group
In the present section, let G, H denote B ∞ , B n , respectively. Theorem 1.4 when (G, H) = (B ∞ , B n ) immediately follows from Proposition 2.2, Theorem 2.3, and the following proposition. Let σ 1 denote the first standard Artin generator of B ∞ . It is known that {σ 
Proof of Theorem 1.4 when (G, H) = (B ∞ , B n ). Let g be an element of [G, G] and let μ be a semi-homogeneous H-quasimorphism on [G, G] with μ(g)
=
Proof on Hamiltonian diffeomorphism group
In the present section, let G, H denote Ham(R 2n ), Ham(B 2n ), respectively. We follow the notion of [E] and thus let φ 
is a simple group and
We use the following proposition which is a Hamiltonian analogue of Proposition 3.1. F,h to [G, G] is G-extremal.
Proposition 4.2. The restriction of ν
To prove Proposition 4.2, we use the following lemma. Proof. Let R be a sufficient large number such that Supp(F ) ⊂ Q R where
commutes with φ t F and g and thus [g, φ 
We define real numbers 
